Abstract. Some Korovkin-type theorems for spaces containing almost periodic measures are presented. We prove that some sets of almost periodic measures are test sets for some particular nets of positive linear operators on spaces containing almost periodic measures. We consider spaces which contain almost periodic measures defined by densities and measures which can be represented as the convolution between an arbitrary measure with finite support (or an arbitrary bounded measure) and a fixed almost periodic measure. We also give a Korovkin-type result for the space of almost periodic measures; in this case the net of linear operators has a certain contraction property.
1. Introduction. Several Korovkin-type theorems are known for various spaces of functions on a compact or locally compact abelian group G ( [1] , [2] , [10] ). In this paper we give some Korovkin-type results for spaces containing almost periodic measures. We consider the notion of "test set" ( [10] ), which is usually used in Korovkin approximation-type theory on spaces of functions, and we transfer it to the context of almost periodic measures. So, our results have the following structure: if a particular net (T j ) j of positive linear operators has the property that T j µ → µ on a set of almost periodic measures, then T j µ → µ on a larger space of almost periodic measures.
We denote by G the dual of the locally compact abelian group G, by AP(G) the space of all almost periodic functions on G and by ap(G) the space of all almost periodic measures on G. In 1982 F. Altomare proved that each set S of generators of G is a test set for every net (T j ) j of positive linear operators on the space AP(G). This means that T j f → f for f ∈ S implies that T j f → f for f ∈ AP(G) ( [2] ). We replace AP(G) with a space which contains almost periodic measures defined by densities. These measures have a fixed positive almost periodic measure µ as base. We use {γµ : γ ∈ G} as test set. The convergence of the net of positive linear operators is in the topology of the locally convex space ap(G); this topology is given by a certain family { · f } f ∈K(G) of seminorms and is called the product topology. Here K(G) is the space of continuous complex-valued functions on G with compact support. Next we indicate the test sets for another two spaces containing almost periodic measures. These spaces are {ν * µ : ν is a measure with finite support} and {ν * µ : ν is a bounded measure}. The measure µ is also a fixed almost periodic measure.
Finally we give a Korovkin-type result for the space of almost periodic measures. This time the net (T j ) j has the property that every T j is a contraction in the sense of the product topology on ap(G); we use the density of AP(G) in ap(G).
Preliminaries.
Consider a Hausdorff locally compact abelian group G and let λ be the Haar measure on G. Denote by C(G) the set of all bounded continuous complex-valued functions on G, and by C U (G) the subset of C(G) containing the uniformly continuous functions. The sets C(G) and C U (G) are Banach algebras with pointwise multiplication and the supremum norm.
Throughout this paper, · denotes the supremum norm on C(G). 
has the product topology defined by the Banach space structure on C U (G), hence, m B (G) is a locally convex space of measures with the relative topology. A system of seminorms for the product topology on m B (G) is given by the
In [8] the almost periodic functions are defined:
is called almost periodic if the family of translates of g, {g a : a ∈ G}, is relatively compact in the sense of uniform convergence on G.
The set AP(G) of all almost periodic functions on G is a Banach algebra with respect to the supremum norm, closed under conjugation. Denote by G the dual group of G and by [ G] the linear subspace of C(G) generated by G. It is easy to see that [ G] ⊂ AP(G). The almost periodic measures were introduced and studied by L. Argabright and J. Gil de Lamadrid ( [4] , [7] ).
The set ap(G) of all almost periodic measures is a locally convex space with respect to the product topology.
3. Korovkin-type results for spaces containing almost periodic measures. Let µ be a positive almost periodic measure. Consider the set
Then S(µ) is a locally convex space containing the almost periodic measures and its topology is determined by the family
In what follows we consider linear operators T : ap(G) → ap(G) which are positive in the sense that if ν is a positive almost periodic measure then
Using the properties of the variation measure we find
It is easy to see that |iT (
Using the properties of the variation measure and the fact that T is positive we obtain
Therefore combining (1)- (3) it follows that
Consider f ∈ AP(G). For all h ∈ AP(G), g ∈ K(G) and j ∈ J we obtain (4)
where A = supp g. From Lemma 3.1 it follows that
On the other hand [ G] = AP(G) in the sense of uniform convergence ( [9] ) and we can find h 0 ∈ [ G] such that
Combining (4)- (8) we conclude that
For all x ∈ G we denote by δ x the Dirac measure concentrated at x.
Proposition 3.1. Consider µ ∈ ap(G) and let (T j ) j∈J be a net of positive linear operators
Proof. (a) Consider a measure ν with finite support. We can represent it as ν = n i=1 a i δ x i . It is easy to see that for all j ∈ J,
Taking into account that
Proof. First we see that if g ∈ [ G] then the hypothesis implies that
where A = supp f . By the first part of the proof and the hypothesis it results from (9) that T j (gλ) → gλ.
Consider µ ∈ ap(G). We prove that T j (µ) − µ f → 0 for all f ∈ K(G). Suppose that (ϕ i ) i∈I is an approximate identity for the convolution ( [6, p. 450] ). This means that ϕ i ∈ K(G), ϕ i ≥ 0, supp ϕ i = V i , i ∈ I. Also, assume that (V i ) i∈I is a decreasing net of sets such that i∈I V i = {e} and
Remark 3.1. We have proved in Theorem 3.2 that if µ ∈ ap(G) then there exists a net (f i ) i , f i ∈ AP(G) for all i ∈ I, such that f i λ → µ in the sense of the product topology of ap(G). In other words AP(G) = ap(G). 
Proof. First we see that if g ∈ [ G] then the hypothesis implies that T j (ν * gλ) → ν * gλ. Now consider g ∈ AP(G). There exists a sequence (g n ) n of trigonometric polynomials such that g n − g → 0 ( [9] ). Then for all f ∈ K(G) and j ∈ J we obtain
where A = supp f . By the first part of the proof and the hypothesis it results from (11) that T j (ν * gλ) → ν * gλ. Consider µ ∈ ap(G). We prove that T j (ν * µ) − ν * µ f → 0 for all f ∈ K(G). Let f ∈ K(G). Since µ ∈ ap(G) and according to Remark 3.1 we can select a net (f i ) i , f i ∈ AP(G), such that f i λ → µ. Further we obtain (12)
for all j ∈ J and i ∈ I. We easily obtain
Consider ε > 0. There exists i 0 such that
for all i ≥ i 0 . Further there exists j 0 such that for all j ≥ j 0 ,
Therefore (12) implies that T j (µ) − µ f < ε for all j ≥ j 0 .
